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Abstract 

\mJ ', A method, due to Ehe Cartan, is used to give an algebraic classification of the non-reductive 

II ' homogeneous pseudo-Riemannian manifolds of dimension four. Only one case with Lorcntz signature 

(-H , can be Einstein without having constant curvature, and two cases with (2,2) signature are Einstein 



cd 



of which one is Ricci-flat. If a four-dimensional non-reductive homogeneous pseudo-Riemannian 
manifold is simply connected, then it is shown to be diffeomorphic to K^. All metrics for the simply 
connected non-reductive Einstein spaces are given explicitly. There are no non-reductive pseudo- 
Riemannian homogeneous spaces of dimension two and none of dimension three with connected 
CS| ' isotropy subgroup. 

>. 

^ ■ 1. Introduction 

■^ 

A homogeneous space G/H, where G is a Lie group and H a closed Lie subgroup, is reductive 

^^ . [9] if the Lie algebra g of G may be decomposed into a vector-space direct sum g = h © m where m 

is an Ad(iJ)-invariant complement to h. If G/H is a reductive homogeneous space which admits a 

f~^ . pseudo-Riemannian metric with G acting by isometrics, the curvature tensor takes on a particularly 

simple form. For this reason, the geometry of these spaces has been well studied [9] [2], and some 

classification results are known [5]. On the other hand, little is known about the structure of non- 

^ reductive homogeneous pseudo-Riemannian manifolds and the purpose of this paper is classify and 

y . investigate the basic geometry and topology of these special manifolds in low dimensions. 

^ ' While it is easy to construct non-reductive homogeneous spaces, it is quite a bit more difficult 

to construct examples where G is the isometry group of a pseudo-Riemannian metric on G/H. 

The difficulty is that if G is the isometry group of a Riemannian metric on G/H then Ad{H) 

S . is compact, so G/H is automatically reductive (see section 4 for an algebraic proof). Therefore, 

to construct examples of non-reductive pseudo-Riemannian homogeneous spaces only metrics with 

indefinite signature need to be considered. These facts are mentioned in [2], but no non-reductive 

examples are given. In the article [11] the author studies the ring of invariant differential operators 

on non-reductive homogeneous spaces but only considers geometric examples which turn out to be 

reductive. 

In the book Legons sur la geometrie des espaces de Riemann [3], Cartan outlines a method 
in which questions about the geometry of homogeneous Riemannian manifolds become algebraic 
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questions about Lie algebras. Cartan used his technique to classify the three-dimensional simply 
connected Riemannian homogeneous spaces which admit a group of isometries of dimension at least 
4. Ishihara [7] used Cartan's method to classify the four-dimensional Riemannian manifolds with 
transitive isometry groups while Jensen [8] used this technique to determine the simply connected 
homogeneous Einstein spaces of dimension 4. An alternative approach to the classification of low 
dimensional homogeneous Riemannian manifolds was given in [1], but this approach utilizes the 
compactness of the isotropy subgroup and so can't be used here. 

Cartan's method works perfectly well for pseudo-Riemannian homogeneous spaces. We use this 
method in section 5 to first show that there are no two or three-dimensional non-reductive ho- 
mogeneous pseudo-Riemannian manifolds. We then classify the four-dimensional non-reductive 
homogeneous pseudo-Riemannian manifolds and show in section 6 that if these four-dimensional 
homogeneous spaces are simply connected then they are diffeomorphic to K'*. As a consequence of 
the calculations in section 5, we identify the cases which are Einstein and compare them with those 
in [10]. Finally, in section 7 we construct the corresponding homogeneous Einstein metrics on IR"* 
(the simply connected spaces) for the three cases in which they exists. 

2. The Classification and Einstein metrics 

In this section, we provide a summary of the classifications proved in section 5 and then list the 
possible Einstein metrics which are found in section 7 when G/H is assumed to be simply connected. 

If ?7 is a pseudo-Riemannian metric on the manifold G/H and G acts effectively and by isometries, 
we say the pair {G/H, rj) is a homogeneous pseudo-Riemannian manifold. We also use the convention 
that the bilinear form rj on an n-dimensional Lorentz manifold has signature (n — 1, 1). 

Theorem 2.1. Let [G/H^rf) be a homogeneous Lorentz manifold. LfG/H is two-dimensional, then 
G/H is reductive. LfG/H is three-dimensional and H is connected, then G/H is reductive. 

Let h be a Lie subalgebra of the Lie algebra g and denote this pair by (g, h). 

Definition. The Lie algebra pairs (g, h) and (g', ii') are isomorphic if there exists an isomorphism 
$ : g ^ g' such that $(ii) = h'. 

For every homogeneous space G/H, let g be the the Lie algebra of G and h the Lie algebra of H, 
let (g, li) be the associated Lie algebra pair. In the next theorem, we list all possible non-isomorphic 
Lie algebra pairs for the non-reductive four-dimensional homogeneous spaces that are classified in 
section 5. We use the table of Lie algebras in [17] and refer to these algebras by Ax,y, as given on 
page 990. 

Theorem 2.2. Let {G/H,rf} be a four- dimensional homogeneous Lorentz manifold where H is con- 
nected. IfG/H is not reductive, then the Lie algebra pair (g, h) is isomorphic to one in the following 
list. 

Al The Lie algebra g is the decomposable five- dimensional algebra sl(2, IR) © s(2), where s(2) is 
the two-dimensional solvable algebra. There exists a basis for g where the non-zero products 
are 

[ei,e2] = 2e2, [ei, es] == -2e3, [e2,e3]==ei, [e4,e5]=e4. 

The isotropy is h ~ span{e3 + e4}. 
A2 The Lie algebra g is the one-parameter family of five-dimensional solvable Lie algebras A^_3q. 
There exists a basis for g where the non-zero products are 

[ei,e5] = (a + l)ei, [e2,e4]=ei, [e2,e5]=ae2, 

[ea, 64] = e2, [e^, e^] = (a - l)e3, [e4, e^] == e4. 



where all values o/ a G IR are admissible. The isotropy is h ~ spanle^}. 
A3 The Lie algebra g is one of the five- dimensional solvable algebras A5.37 or A^,^q. There exits 
a basis for g where the non-zero products are 

[ei,e4] = 2ei, [e2, 63] = ei, [62,64] = 62, [02,65] = -663, [e3,e4]=e3, [e3,e5]=e2, 

where e = 1 for A5.37 and e — —1 for ^5^36. The isotropy is h — spanle^}. 
A4 The Lie algebra g is the six- dimensional algebra sl(2,]R) K n(3) where n(3) is the three- 
dimensional Heisenberg algebra. There exits a basis for g where the non-zero products are 

[ei,e2] = 2e2, [ei, 63] = -2e3, [e2,e3]=ei, [61,64] =64, 

[61,65] == -65, [62,65] ==64, [63,64] =65, [64,65] =66. 

The isotropy is h — span{eT, + 6565}. The algebra is sometimes called the Schroedinger 
algebra. 

A5* The Lie algebra g is the seven-dimensional algebra sl(2,IR) K ^449. There exists a basis for 
g where the non-zero products are 

[61,62] =262, [61,63] = -263, [61,65] =-65, [61,60] =66, [62,63] =61, 

[62,65] =66, [63,66] =65, [64, 67] =264, [65,66] =64, [65,67] =65 [66,67] =66. 

The isotropy is h. — span{ei + 67, 63 — 64, 65}. 

In the book Einstein Spaces [18], Petrov gave a fairly comprehensive list of the possible infinites- 
imal generators for the isometry algebras of a four-dimensional Lorentz manifold. The Lie algebras 
in Al and A4 should appear on the list, but they don't. 

We now list the possibilities when the signature is (2, 2). 

Theorem 2.3. Let {G/H,rj) be a four- dimensional homogeneous pseudo-Riemannian manifold of 
signature (2,2) where H is connected. If G/H is not reductive, then the Lie algebra pair (g, h) is 
isomorphic to one in the following list. 

A1-A3 The corresponding Lie algebra pairs in Theorem 2.2. 

Bl The Lie algebra g is the five- dimensional algebra sl(2,IR) x H^. There exists a basis for g 
where the non-zero products are 

[61,62] =262, [61,63] = -262, [62, 63] =61, [61,64] =64, 
[61,65] = -65, [62,65] =64, [63,64] =65. 

The isotropy is h = spanle^}. 
B2 The Lie algebra g is the six- dimensional Schroedinger algebra sl(2, H) K n(3) in A4 of 
Theorem 2.2 and the isotropy h = span{eg, — 65,65}. 

B3 The Lie algebra g is the six- dimensional algebra sl(2, H) K H^ © IR. There exits a basis for 
g where the non-zero products are 

[61,62] =262, [61,63] = -263, [62,63] =61, [61,64] =64, 
[61,65] =-65, [62,65] =64, [63, 64] =65. 

The isotropy is h = span{63,65 -|- 65}. 

The following theorem proved in section 6, gives a complete classification when the space is simply 
connected. 
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Theorem 2.4. Let G/H he a simply connected non-reductive pseudo-Riemannian homogeneous 
space of dimension four, then 

i] G/H is diffeomorphic to If*, and 

ii] if G is the full isometry group then the Lie algebra pair for G/H is equivalent to one in 
Theorem 2.2 excluding A5*, or to one in Theorem 2.3. 

Conversely, for any Lie algebra pair from Theorem 2.2 except A5* , or any in Theorem 2.3, there 
exists a pseudo-Riemannian metric on JR** (subject to the conditions on the signature), where the 
isometry group acts transitively on ]R^, the Lie algebra of the isometry group is the given Lie algebra 
g, and the Lie algebra of the isotropy at a point is (conjugate to) h. 

We show in Lemma 5.1 that only A2 in Theorem 2.2 or 2.3 with a = | and B3 lead to Ein- 
stein spaces which are not of constant curvature. Furthermore, B3 is Ricci-flat. By using this 
result we prove in section 7 the following theorem which gives complete list of all the homoge- 
neous Einstein metrics which are not of constant curvature for the simply connected non-reductive 
pseudo-Riemannian manifolds of dimension 4. 

Theorem 2.5. Let {G/H, rj) be a .simply connected non-reductive homogeneous space of dimension 
4 which is Einstein and not of constant curvature. If rj is Ricci-flat, then the Lie algebra pair is 
isomorphic to B3 and there exists global coordinates {y^)i=i.A on G/H = IR^ such that the metric 
is 

Tj ^ 2ey cosy^idy^dy^ ~ dy^dy^) - 2e«' sin y'^ {dy^ dy^ + dy^dy^) + Le'^y\dy^f 

for some L G IR*. Otherwise the Lie algebra pair is isomorphic to A2 with a = 2/3 and there exists 
global coordinates {y^)i=i..4 on G/H — IR^ such that the metric is 

T] ^ aie^^y^ {2dy^dy^ - {dy^f)+a2e^y\dy'^f + 2a3e^«'dy''d/ + 04(^2/^)^ 

for some choice of ai G IR, i = 1..4 where 0104 7^ 0, and 02 7^ 0. 

It is worth noting that determining the Lie algebra of the isometry group for the Ricci flat metrics 
in this theorem is non-trivial. 

3. Cartan's Approach to the Geometry of Homogeneous Spaces 

Let rf be a non-degenerate symmetric bilinear form on IR" with signature {p,p), and 0{p,p) C 
GL(n, IR) be the Lie group preserving 77*^. Let (M, rj) be a pseudo-Riemannian manifold of signature 
(p,p), and TT : 0(M) -^ M be the orthonormal frame bundle corresponding to if defined by 

0{M) = {up : IR" ^ TpM \ r^{up{X),Up{Y)) = ri\X,Y)} . 

Denote the right action of a € 0{p,p) on u G 0{M) by ua, and for X E o{p,p), let X be the 
corresponding infinitesimal generator on 0{M) defined by 

Xu^ -7: {uexp{tXe)) |t=o • 
dt 

The canonical IR"-valued one-form 9 and the o(p,|5)-valucd connection one- form lj on 0{M) have 
the following properties [9] (pp. 118-121) 

lzB = u-^t:^{Z), l^uj = X, dO = -uj AO, (3.1) 
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where X G o{p,p), Z G r„(0(M)) and i is left interior muftiplication. The o(p,p)-valued curvature 
two-form Q, = duj + lo/\ satisfies 

i^Vl^Q, r2A0 = O, dVL^^huj-ujhn. (3.2) 

The forms 0, u;, and f2 satisfy the equivariance conditions 

a*9 = a^^{9), a'uj = Ad{a^'^)uj, a* Vl ^ Ad{a^^)Q, where a G 0(p,_p). 

If H is connected, then (3.1) and (3.2) imply the equivariance of 0, to and Vt. 

Let g : M ^ M he an isometry of the pseudo-Riemannian manifold {M,ri), and (l>g be the lift of 
the diffeomorphism g of M to the frame bundle, 

(j)g{u) ^ g^u , u G F{M). 

Since g is an isometry, the subset 0{M) C F{M) is invariant under i/ig. The forms 0,uj, and fi 
satisfy the invariance properties 



g 



n^n . (3.3) 



Suppose that {G/H, rj) is a homogeneous pseudo-Riemannian manifold and let a = [H] G G/H, 
and Uct G 0{G / H) be an orthonormal frame at a. The linear isotropy representation p : H ^ 0(p,p) 
is defined by 

Uap{h) ^ {Lh)*Ua (3.4) 

where Lh is right multiplication in G by ft- G i?. The differential of p defines a homomorphism 
/9, : h ^ o{p,p). Since G acts effectively and by isometrics, the linear isotropy representation of H 
is faithful. Following Cartan [3] (or see Jensen [S]), we define the function ^ : G ^ 0{G/H) by 

*(ff)=5*M^ (3.5) 

which makes the diagram 



G 


* 


^ 0{G/H) 


q 


ff 


z G/ 





(3.6) 



commutative. The map ^ is equivariant with respect to the left action of G on G and the action of 
G on 0{M). It is also equivariant with respect to the linear isotropy representation. Therefore, $ 
satisfies 

*(5ft) = *(g)/5(ft), and ^(.giga) = ^gi o ^(32) • (3.7) 

By defining the forms 

9 = ^*9, Lb = -^*uj, n = ^*n 

which are G- invariant on account of the equivariance of ^P and equation (3.3), we obtain the following 
structure on the Lie algebra g of G. 
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Lemma 3.1. Let (G/H^rj) be an n-dimensional homogeneous pseudo-Riemannian manifold with 
Lie algebra pair (g, h). There exists an infective homomorphism p^^, : h. ^f o{p,p), an TlU^-valued 
one-form 9 : g ^ H", and an o{p,p) -valued one-form uj : g ^ o{p,p) satisfying 

1] ker ^ = h, 

2] i:u{X) = p4X), and 

3] de ^-tbAO 
where X G h. Furthermore, the o{p,p)-valued two-form Q — duj -\- uj A lu satisfies 

4:]Lxfl = 0, nA§ ^0, and dQ^QAcj-cjAn. 

Lemma 3.1 has the fohowing partial converse. 

Lemma 3.2. Let h be a Lie algebra, p^ : h — s- o(j),p) a monomorphism, and g be the vector space 
M" ® h. Suppose there exists forms 6 : g ^ IR", to : g ^ o{p,p), and il : g A g ^ o{p,p) satisfying 

i] ker6l = h, 

2]lu(X)^p4X), 

3] Lx^ = 0, andnA9 = 0. 

If we define dO = —lu A 9 and Q satisfies 

4] dn = nALu-LuAn, 

then with dcu^Q — ujAujjgisa Lie algebra where a{[X, Y]) ~ —da{X, Y), a Cz g* , X,Y (z g. 

The principle step in Cartan's approach to the classification of homogeneous pseudo-Riemannian 
manifolds is to start with a subalgebra h C o{p,p) and then classify all Lie algebras that satisfy 
Lemma 3.2. To simplify this classification, one expects that we only need the conjugacy class of the 
subalgebra h C o{p,p) under inner automorphism, but slightly more is true. 

Lemma 3.3. Let h and h be two Lie algebras, and let p^ : h ^ o{p,p) and p* : h — > o{p,p) 
be monomorphisms. Suppose there exists an inner automorphism ip : gl{n, M) — > gl(n, IR) which 
restricts to an isomorphism : h ^ h such that 

h{c^{x)) ^ ^{p,{x)) xeh. 

Then the pairs (g, h) which satisfy Lemma 3.2 are in one to one correspondence with the pairs (g, h) 
which satisfy Lemma 3.2. 

Proof. Suppose the inner automorphism ■0 is conjugation by the matrix A € GL(n, IR). It is then 
easy to check that the vector-space isomorphism T : IR" © h — ^ IR h defined by 

T{^,X) = (Ai,^{X)) 

provides a correspondence. | 

Note that every inner automorphism oio{p,p) satisfies this lemma. 



4. Non-Reductive Homogeneous Spaces 

The preceding section described Cartan's procedure for constructing all possible isomorphism 
classes of Lie algebra pairs (g, h) for homogeneous pseudo-Riemannian manifolds by starting from the 
inequivalent subalgebras of o(p,p) under the automorphisms described in Lemma 3.3. In principle, 
one could find a general classification of the four-dimensional homogeneous pseudo-Riemannian 
manifolds starting with the entire list of subalgebras for the Lie algebras o(3, 1) and o(2, 2). This 
classification would be rather daunting because the known lists of inequivalent subalgebras under 
inner automorphisms are quite large [15], [16]. In this section, we simplify the classification problem 
by proving a lemma which reduces the possible subalgebras h C o{p,p) associated with a non- 
reductive homogeneous pseudo-Riemannian manifold {G/H, jf) . 

We start with the following characterization of reductive homogeneous spaces see [9], p. 103, 
Theorem 11.1. 

Lemma 4.1. A homogeneous space G -^ G/ H is reductive if and only if the principal H— bundle 
G -^ G/H admits a G-invariant connection. 

The following lemma greatly simplifies the classification problem. 

Lemma 4.2. If G/H is a pseudo-Riemannian homogeneous space and 0{p,p)/ p{H) is a reductive 
homogeneous space, then G/H is reductive. 

Proof. Let h be the Lie algebra oi p(H), and o{p,p) = h©m be a reductive decomposition oio{p,p). 
Decompose the connection form on 0{G/H) a,s uj — LUy^ + Wm where toj^ takes values in h and Wm 
takes values in m. By using the map p defined in (3.4) and ^ defined in (3.5) we prove that the 
h-valued form p^^ o (^*oj^^) defines a G-invariant connection on G/H. 

The G-invariance of p~^ o {^*oj^J follows from the equivariance of ^ in (3.7) together with (3.3). 
In order that this form defines a connection we need to check that the two conditions on p. 64 in [9] 
are satisfied. To check the first condition on p. 64 [9], we use (3.1) and compute 

p;l O {^*LUi^(X,)) - p-' O LUi^ipAXe)) = X, . 

This verifies condition one. We now check the second condition. It follows from the hypothesis in 
the lemma and the equivariance of the connection form uj that 

Rluj^ = Ada-iuj:j^ and Rluj^ = Ada-iujm- 

Now from the _ff-equivariance of ^ in (3.7), the equation above, and the identity p~^ o Adpi^i^-^ = 
Adh o p^^ it follows that 

K {P*^ ° (**^h)) = P*^ ° (*V(M*^h) = p:' ° (^rfp(M-i ° **^h) = Adh-i o p-^ o (**c^i^) . 

This verifies the second condition. Therefore, the h-valued form p^^ o '^*ll!j^, is a G-invariant 
connection on G/H and by Lemma 4.1, G/H is reductive. | 

The proof of Lemma 4.2 is similar to the proof of Proposition 6.4 on pg. 83 in [9]. This proposition 
implies that if 0{p,p)/H is reductive, then the metric connection is reducible to H. 
This lemma has a few simple but interesting corollaries. 

Corollary 4.1. If p^(h) C o{p,p) is a non- degenerate subspace with respect to the Killing form of 
o(p,p), then G/H is reductive. 

Lemma 4.2 also provides an algebraic proof of the following corollaries. 
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Corollary 4.2. IfG/H admits a G invariant Riemannian metric, then G/H is a reductive homo- 
geneous space. 

Corollary 4.3. If {G/H,ri) is a two dimension homogeneous Lorentz manifold, then G/H is reduc- 
tive. 

5. The Computations . 

By starting with the inequivalent subalgebras of o(2, 1), o(3, 1), and o(2, 2) we prove Theorems 
2.1, 2.2 and 2.3 by building all non-reductive Lie algebra pairs (g, h) which satisfy Lemma 3.2. All 
inequivalent subalgebras of o(2, 1), o(3, 1), o(2, 2) under inner automorphisms are known. Although 
this list is rather long, Lemma 4.2 says that we need only those subalgebras that are not reductive in 
their respective algebras. With this reduced list of subalgebras, the equivalence problem in Lemma 
3.3 is much easier. By using this final list of inequivalent subalgebras, we determine those which 
extend to a Lie algebra that satisfies Lemma 3.2 and not Lemma 4.1 (see also Lemma Al). The 
resulting Lie algebra pairs are then put into a canonical form which proves Theorems 2.1, 2.2 and 
2.3. 

Let (e*) denote the standard basis for gl{n, TR) where 

(e})f=5^5j, l<i,j,k,l<n. 

Hereafter we omit writing the isomorphism p, between h with basis {ea}a=i...q and /9*(h) C o(p,p) 
with basis {ha}a=i...q. Given two differential one forms a^,a^ € J7^(M), we use the convention 



aV^ 



(cr^(8)cr^ + cr^(g)cr^) 



for the symmetric tensor product. Other notation that is used is given in Appendix A. 
Proof of Theorem 2.1 - o(2, 1).- Let {cr'}i=i...3 denote the standard basis for (K^)*, and 

rf = {a^f + 2a^a\ 
For o(2, 1) we use the basis 

Bi=el- el, B2=e\- e?, Bg = e^ - el . 

Of the inequivalent subalgebras of o(2, 1) under inner automorphism, only two are not reductive. 
In each case, by using equations (A.l) and (A. 3), equation (A. 5) always has a solution, so for these 
two subalgebras, the constructed homogeneous space will be reductive. Here are the details. 

Case 1: The isotropy subalgebra is h = span{hi — iJg}. By using the basis {bi ~ Bi ,h2 ~ i?2, bi} 
for o(2,I), equations (A.l) and (A. 3) give 

Co^ ^Pi9^ + P20^, Cj^ = -piO^ . 

Equation (A. 5) has the general solution 

r\=-p2, rl^^pi, 

and (uj^ — p26^ + pi9'^) (E) ei defines a G-invariant connection. 
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Case 2: The isotropy subalgebra is h = span{hi ~ Bi,h2 ~ B^}. By using the basis {bi — 
_B2,bi,b2} for 0(2,1), equations (A.l) and (A. 3) give 

Equation (A. 5) has the general solution 

rl = Pi, rl=rl=rl = rl^ 0, r^ = -pi, 

and {uj^ + Pid"^) (El ei + {uP' — pi9^) (E) ©2 defines a G-invariant connection. 

This proves Theorem 2.1. | 

Proof of Theorem 2.2 - o(3, 1).' Let {cr'}i=i...4 denote the standard basis for (M^)*, and 

r," = (ai)2 + (a2)2 + 2aV. 
The basis for o(3, 1) we use is 
Bi=el-el B2 = ei-el B3 ^ ef - el B^ = ej - ej, B^^e\-el Bg = e^ - e|. 



On page 1605 of [15], the inequivalent subalgebras of o(3, 1), under inner automorphisms are listed. 
Of these subalgebras, labeled Fi to F15, seven are not reductive in o(3, 1). 

Case 1: We consider the non- reductive subalgebras of o(3, 1) which admit a solution to equation 
(A. 5). Therefore they always lead to a reductive homogeneous space. 

Subcase 1.1: The subalgebra F2 in [15] is h = span{hi = Bi,h2 = B2,h^ = B^,hi = B^]. By 
using the basis {bi = i?5,b2 = -Be,bi,b2,b3, b4} for o(3, 1), equations (A.l) and (A. 3) give 

Equation (A. 5) has the general solution {rf ~ ^}a=i...2.i=i..A, and w" ® e^ defines a G-invariant 
connection. 

Subcase 1.2: The subalgebra Fc, in [15] is h = span{hi — cosOBi + sin6'i?2,b2 = -B3,b3 = 
B4} where 6 E (Q,tt),6 ^ tt/2. By using the basis {bi = — sin6'i?i + cos6'i32,b2 = -B5,b3 = 
Bg, bi,b2,b3} for o(3,l), equations (A.l) and (A. 3) give 

(1,1 := 0, w^ = 0, Cu^ = 0. 

Equation (A. 5) has the general solution {rf == 0}a=i...2,i=i...4 and w" (g) eo, defines a G-invariant 
connection. 

Subcase 1.3: The subalgebra Fg in [15] is h = span{hi = -Bi,b2 = i33,b3 = B4}. By using the 
basis {bi = B2,h2 = -85, b3 = Bg, bi, b2,b3} for o(3, 1), equations (A.l) and (A. 3) give 

Equation (A. 5) has the general solution 

rl=rl = t, rl = -t, r\ = r\= r\= rl= rl= rl= r\ = ^, r\=rl = -pi 
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where i e M, and {uj^ +t9^)iS)ei + {Lj^ -pi9'^ -t9'^)(^e2 + {uj^+t9^ -pi9'^)<S)e3 defines a G-invariant 
connection for any choice of t G fR. 

Subcase 1.4: The subalgebra Fg in [15] is h = span{hi ~ B2,h2 — B^}. By using the basis 
{bi = Bi,h2 = -B4,b3 = -B5,b4 = _B6,bi,b2} for o(3,l), equations (A.l) and (A. 3) give 

{I;^ ^ -pi9\ {b'^^pi9*, u^^p29^, u'^^pi9^. 

Equation (A. 5) has the general sohition 

1 212121n2 

ri == P2, r^ = r2 ^ r2 ^ r^ ^ r^ ^ r^ ^ 0, r^^ = -p2, 

and {oj^ + P20^) <E) Bi + {oj'^ — P20'^) '^ ^2 defines a G-invariant connection. 

We now consider the cases where condition (A. 5) is not automatically satisfied. 

Case 2: The subalgebra Fj in [15] is h = span{hi — B2,h2 — -83, bs ~ B4}. By using the basis 

{bi = i3i,b2 ~ -Bsjba ~ Bgjbi, b2,b3} for o(3, 1), equations (A.l) and (A. 3) give 

w^ - Pi9^ + P29^, Cj^ = -P29\ Cj^ = ~pi9^. 

From condition (A. 5), G/H is reductive if and only if pi — P2 — ^, so we assume this is not satisfied. 
Let K = pi^ + P2'^ (which is non-zero). The Bianchi identities give 

C42 = —K, 643 = — -tv, 64]^ — ~K , 

and G"j, = otherwise. The curvature form is 51^ = —K9i A 6*^-, and the homogeneous space will be 
of constant curvature. The change of basis 

«! = {p^9^ -P2e^ -uj^)/2, a^ = 9^ + K-HpiLo^ -p2UJ^), a^ = 6^ + R-^ {p2Uj'^ - piuj^) ,0? ^K9^, 
a^ = V2K-\piuj^+P2CJ^), a*^ = V2{pi9^ +P2^'), a^ = ip20^ - Pi9^ - uj^)/2 

for g* leads to the multiplication table A5* in Theorem 2.2 with isotropy in the dual basis h = 
span{ei + ey, e^ — 64, 65}. 

Case 3: The subalgebra Fio in [15] is h = span{hi = B^,h2 = B4}. By using the basis {bi = 
_Bi,b2 = -B2,b3 = -B5,b4 = _B6,bi,b2} for o(3, 1), equations (A.l) and (A. 3) give 

Cj^ :^ Pi9^ + P29^ + P39^ , Cj^ = p29^ - Pi9^ + P40\ Cj^ = -p29\ Cj^ = -pi9^. 

From condition (A. 5), G/H is reductive if and only if pi = P2 = 0. Let K — — (pi^ +P2^) (which is 
non-zero) and Gl^ = L{pi^ + 4p2^)- The Bianchi identities give 

C12 = -3p2P3, Gi4 = -K, G34 = 2p4P2 - P1P3, G24 = Gi4 = 0, G23 = -3Lp2Pi, P3 = 0, 

C12 = 3piP3, G24 = -K, GI4 = -2p4pi - P2P3, G23 = (4pi^ +p2^)L, Cl^ = -3Lp2Pi, P4 = ■ 

The curvature components are 

fli2 = K9^ A 6*2, fii3 = K9^ A 9^ + L{pi^ + Ap2^)9^ A 9^ - 3Lp2Pi9^ A 9^, f7i4 ^ K9^ A 9^, 

VL24 = K9^ A 9^, f723 = K9^ A 9^ + L{Api^ + p2^)9^ A 9^ - 3Lp2Pi9^ A 9^, ^^34 = K9'^ A 9^. (5.2) 
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The change of basis 

a'^:^V2{pie^+P29^), a^ = V2{piOj^+p2UJ^), a'^ ^ K {6'^ + L9^) - p2UJ^ + Piuj^ 

for g* leads to the niultiphcation table A4 in Theorem 2.2 with isotropy in the dual basis h = 
span{e3 + 66,65}. 

Case 4 The subalgebra F14 in [15] is h = span{hi = B^}. By using the basis {bi — -Bi,b2 == 
■82,133 = i?4,b4 = i?5,b5 = BQ,hi} for 0(3, 1), equations (A.l) and (A. 3) give 

Oj^ =Pie^+P29^, Cj^ ^ psO^ + pi0^ + p5e^ , Cj^=p29^+pee^+pr9^-pie'^, 

u^^-p^e\ Q^'^-pieK 

From condition (A. 5), G/H is reductive if and only if p^ ~ 0, so we assume pi 7^ 0. The first Bianchi 
identity gives 

Ci4 = --P3^ CI2 =■ -P2P3 -PePi, ^24 == 0, C'^s == -3p7P3 +P2(P5 -Pe), C\^ = 2p2(Pl +P4) +2p5P3 

and 

Pe^hiPi-Pi), P5 =ti{p4+pi), -pePs + P2PA - '2piP2 ^ 0, P1P3 = (5.3) 

where ii G IR. These last two equations will split into a number of cases. If ^3 7^ the Killing form 
will have rank 4, otherwise the Killing form has rank at most 3, so we split this case into subcases 
based on p^. 

Subcase 4.1 Starting with ps ^ and pi = 0, we solve (5.3) and the second Bianchi identity to get 

P2 = -tiP3, C% = i2P3^ P7 = -Pii^h^ + i2)/4 
where ^2 G H. The curvature components are 

f7i2 = Ke^ A 6*3, f7i3 = Ke^ A (6*2 - ti03) + p326»i A {129^ - 9^) + f ip3P46'^ A e^, ^14 = -^326(1 A g^, 
1^23 = i^6'-'^ A {9'^ -~ti9^) + \piL{pi9'^ + f ^36*1) A ^^^ 1^24 == 0, 1^34 = i^6'2 A 6*3 + p2'^9^ A e'' (5.5) 

where K — tip^^ and L = t2 — 2ti^. The change of basis 

«! = -P30l - ip404^ Q,2 ^ p^^3^ ^4 ^ -1^2^3613 _ p^Q'^ _ tj\ ^5 ^ _p^g|2 _ tlP46'^ 
a^ = tlP4^' +133^^ + tl(p4' - 2p3')(2p3)"'^' + (il'(p4' - 2p3') - i2P3')(4p3)"'e^ - ^' 

for g* leads to the multiplication table Al in Theorem 2.2 with isotropy in the dual basis h = 
span{e3 + 04}. 

Subcase 4.2 Starting with P3 = the Bianchi identities give 

P2 = 0, (pi -p4)(Ci3 -^i^PiP4) = 0. 

The solution to this last equation splits into two further subcases. 
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Subcase 4. 2. a: If C^g = ti^piPi (the Killing form has rank 1), the curvature components are 

^24 = -Pi^e^ A 6l^ n23 = 2L{pi-pi)e^ Ae^ -pi^e^ A9^, ^34 = ^1^0^ a 6*'^ (5.7) 

where L = (pj + ti'^p^). The change of basis 



a 



^ -9'^ -pj{2p4)-^9^, a'^^-9^, a^^-e^, a^ ^ u^ - tipi9\ a^ ^ ~pi{d^ + ti9^) 



for g* leads to the multiplication table A2 in Theorem 2.2 where a — pi/pi and the isotropy in the 
dual basis is h = spanle^}. 

Subcase 4.2.b We assume C^g — ti^piPA, 7^ so pi = p4, and the Killing form has rank 2. Let 
L — Cjg +P4P7. The curvature components are 

VLi2 = -P4^9^ A9^, ni3^L9^ A9^-P4^9^9^, ^u = -pi^9^ A9^ , 

f^23 = -PA^e^ A 9^, SI24 = P4^6l3 A 6l^ O34 = 0. (5.9) 

Write C\^ — ti^pl = erri^ (which is non-zero) where e = ±1. The change of basis 

a^ ^mO'^ -mp-!{2pi)-'^e^, a^ ^ m9^ , a^ = hp^e^ - lu\ a* ^ ~pi9^ - tip49^ , a"^ ^ mO^ 

for g* leads to the multiplication table A3 in Theorem 2.2 with isotropy in the dual basis h = 
spanjeg}. 

This concludes the proof of Theorem 2.2. | 

Proof 0/ Theorem 2.3 - o(2, 2).- Let {cr'}i=i...4 denote the standard basis for (K^)*, and 

7f = 2aV2 + +2(7^4. 
For 0(2,2) use the basis 

2Ai^e\ + el + eJ^ + e\, 2A2 ^ ek, - el + e\- e\, 2A3 ^ el - ej + el- e^ 
2Bi = -el + el + el-ej, 2^2 = e_3 + e| + e? + e^, 2B3 ^ el - ej - el + e^ 

On pages 2281-2283 of [16] the inequivalent subalgebras of o(3, 1), under inner automorphisms 
are listed. Of these subalgebras, labeled ed,n, twenty-two are not reductive in o(2,2). 

Case 1: We consider the non-reductive subalgebras of o(2,2) which admit a solution to equation 
(A. 5). Therefore, they always lead to a reductive homogeneous space. 

Subcase 1.1: The subalgebra 65.1 in [16] is h == span{hi — A2,h2 = Ai — Ag,bg = -Bi,b4 = 
-B2,b5 = ^3}. By using the basis {bi — Ai + Ag,bi, b2, bg,b4, bs} for o(2,2), equations (A.l) and 
(A. 3) give (D^ = 0. Equation (A. 5) has the general solution {r^ ~ 0}Q=i...5^fc=i...4, and w" (g) Bq, 
defines a G-invariant connection. 

Subcase 1.2: The following 4-dimensional algebras in [16] always admit a solution to (A. 5). There- 
fore, they always lead to the construction of a reductive homogeneous space. 
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h 


Basis {bi,b2,b3,b4} 


Complement { b 1 , b2 } 


64,2 
64,3 


A-l — A3, A2,B2,Bi — i?3 

Ai-A3,Bi,B2,B3 


A,+A3,B,+B3 

^1+^3,^2 



Equations (A.l) and (A. 3) give cu^ — Cj'^ = 0. Equation (A. 5) has the general solution {r^ — 
0}a=i...4,fc=i...4j and w" (g) Bq, defines a G-invariant connection. 

Subcase 1.3: The following 3-dimensional algebras in [16] always admit a solution to (A. 5). There- 
fore, they lead to the construction of a reductive homogeneous space. 



h 


Basis {bi,b2,b3} 


Complement {bi,b2b3} 


63,2 
63,4 
63,3:63,5 


63,6:63,7 


^2,^2,^1-^3 

^3,^2,^-^3 
^2+^52,^1-^3, ^1-^3 


^1+^3,51,^3 

Ai+A3,Bi,B2 
Ai+A3,Bi+B3,B2 



Equations (A.l) and (A. 3) give co^ 



Co^ 



0. Equation (A. 5) has the general solution 



{''fc = 0}a=i...3,fc=i...4, and 



) e^ defines a G-invariant connection. 



Subcase 1.4: The following 2-dimensional algebras in [16] always admit a solution to (A. 5). There- 
fore, they lead to the construction of a reductive homogeneous space. 









h 


Basis {bi,b2} 


Complement {bi, b2, bs, b4} 


62.3 


^2,^1- A3 


Al+A3,A2,Bi,B3 


62,4 


Ai-A3,B3 


Ai+A^,A2,B^,B2 


62,7 


A2,Ai-A3 


Ai+Az,Bi,B2,B3 


62.10:62,11 


A2 + 6^2,-^1 + A3;c> 


Ai+Az,Bi,B2,B:i 


62,12 


A2- 6^3,-^1 + A3;c7^0 


Ai+A3,Bi,B2,B3 


^2,13 


B2 + 6(^3 - Ai),Bi - S3; e == ±1 


Ai+A3,A2,Bi+B3,B2 



Equations (A.l) and (A. 3) give uj^ = oj"^ = uj^ = uj* = 0. Equation (A. 5) has the general solution 

{^k ~ 0}a=i...2,fe=i...4, and a;" (g) e^ defines a G-invariant connection. 

Subcase 1.4. a: The subalgebras 62.3 and 62,9 in [16] are h — span{hi ^ A2 + B2,h2 = —Ai + 

A3 + e(Bi — -B3)} when e = 1 and e = — 1 respectively. By using the basis {bi = Ai + A3, 82 = 

Bi+B3,b3 = A2-B3,b3 = -Ai+A3-e(Bi -B3),bi,b2} for o(2,2), equations (A.l) and (A.3) 

give 



u^ = ei2p2 - pi)0^ 
Equation (A. 5) has the general solution 



^^=PiO\ 



Cj^ =P2{ 



-eO' 



Cj^ = P2e^- 



0, ■rl=e{p2-pi), 



Pi -P2, 



and {uj^ + {pi — P2)(0'^ — £d^)) <E) ei + {yp' + (j>\ — P2)d^) (Xi e2 defines a G-invariant connection. 
We now consider the cases where condition (A. 5) is not automatically satisfied. 

Case 2: The subalgebra 62,1 in [16] is h = span{Ai — A3,i3i — ^3}. By using the basis {bi 
Ai + A3, b2 = A2,b3 = Bi +-63,104 = B2,bi,b2} for o(2,2), equations (A.l) and (A.3) give 



&' 



Pit 
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From condition (A. 5), G/ H is reductive if and only if pi =0 and p^ = 0. The first Bianchi identity 
yields 

C^12 = Kp2+3p4)P3, C14 = |(P4-P2)P3, Cl^^-2p^p^, Cfg = 0, ^13=^24, 
C12 = h{Vi+ 3P2)P1, CI4 = |(p4 - P2)pi, C23 = -2piP3, ^24 = 0- 

The second Bianchi identity has the general solution 

P2=0, P4 = 0, Ci^g^tpi^ C|4=tp32, Cf4 = ftpiP3 

where t S IR. Let L = 2pip^. The curvature components are 

f7i2 =L6ii A6|2, f723 = -^6*1 A 6l^ r2i3 = tpi26'i A 6l3 + |tL6li A 6l4 - L6i2 A 6i4, 

^^34 = L6i3 A e^ f724 = -i6ii A6i3, f]i4 = |iL6ii A6i3+tp326'i A04-L6I2 A6i3. (5.11) 

The Jacobi identities are now satisfied, but depending on the parameters we get non-isomorphic Lie 
algebras. We now determine the non-isomorphic algebras. 

Subcase 2.1: If pi 7^ and p^ 7^ the change of basis 

a^ ^-Pie^-P39^, a^^L{^te^-e^)-piUj'-p3ij^, a^ = V2{pie^-p39''), 
a^^-e\ a'^ = -L{lte^+0^)+piLu^+p3Uj^, a^ = V2{piuj'^ - psuJ^) 

for g* leads to the multiplication table B2 in Theorem 2.3 with isotropy h — span{e5,es — eg}. 
Subcase 2.2: If pi =0 or p^ ~ the change of basis 

a^ = -p^e^ ^ p-,9\ a^^p.uj^+p^uj^, a^ = {p3^-p,^)ate^~0^)~p3Uj^+p,uj^ 



,2 



a 



a^^p,e^-p,0\ a^ = ii(p3 +p,)202 _ ^p^^^i+p^3^2)/(p^+p^)2^ 



for g* leads to the multiplication table B3 in Theorem 2.3 with isotropy in the dual basis h = 
span{e3, e^ + eg} when pi — and h ~ spanle^, e^ — eg} when p^, = 0. Reversing the sign of eg is 
an automorphism, thus these are equivalent Lie algebra pairs. 

Case 3: The subalgebraei^io in [16] is h = span{—Ai+As}. By using the basis {bi = Ai+A3,b2 = 
A2, b3 = i?i, b4 =: i?2, bs = B3, bi = -Ai + A3} for o(2,2), equations (A.l) and (A. 3) give 

[b^ = PiO' + P2e\ [o'' ^ ip5 + P9)e' + (pe - P3)o\ Co^^{p3 + P7)e^+pse\ 

Co"" = l{p3-p,)e^ + 2p29^ - 2pi03 + l{p^-pg)e\ u^ = {P9-P5)0' +PioO\ 

From condition (A. 5), G/H is reductive if and only if pi =0 and p2 = 0. The first Bianchi identity 
yields 

P3^spi, p^^tpi, p5 = -rpi, p?, = tpi + sp2, Cl2^hpiP2J, Ci3 = -5pi^ J, C23 = -X, 
P9 = SP2, Pe=tp2, P7 = rp2, PW=tp2 + Spi, C34 = 5piP2-^, C]4 == -5^2^-^^ 

where r, s, t G IR and 

J=i(rt-s2), K = \{p^H-2p^p2S+p2^r), L = \{piH + ApiP2S + p2^r) . 
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The second Bianchi identity has the general solution 

(7^4 = AJK . 
The curvature components are 

rtM = Pi{spi + rp2)9^Ae^-{K + L)9^A e^-5piP2J0^A 9'^ + p2{tpi + 5^2)6*^ A 9^-19^ A 9^, 
ni3=^pi{spi+rp2)9^A9^-2rpi^9^A9^ + 5pi^J9^A9^-2spip29^A9'^+pi{spi+rp2)9^A9^, 
n24=P2{tpi+sp2)9^A9^-2tp2^9^A9'^ + 5p2'^J9^A9^-2spiP29^A9^+P2{tpi+sp2)9^A9'^, 
ni4 = J{5pip29^ - bpi^9^ + AK9^)A 9^+K9^A 9^ + 5J{p2^9^ - pip29^)A 9^, 
n23 = K9^A9^. (5.13) 

The change of basis 

a^ = i(2spi - rp2)9^ + p29^ - Pi9'^ + \tpi9^, o? = -pi9^-p29^, 
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a^ = i(2sp2 + rpi)9^ - pi9^ - P29^ + \tp29^, a^ = ps^' - Pi 

o? ^ lr{3tpi - 2sp2)9^ + \{tpi + sp2)9^ + \{rp2 - 3spi)9^ + i(2sipi + Mrp2 - As^P2)9^ + uj\ 

for g* leads to the multiplication table Bl in Theorem 2.3, with isotropy h = sponjea}. 
Case 4: The subalgebras ei.3 and ei.4 in [16] satisfy Lemma 3.3. Define A G GL(4,IR) by A{fi) = 
f3,A{f2) = — .Aj^C/s) = /i,A(/4) = — /2, where fk is the standard basis for M^, then A is an 
automorphism of o(2, 2) that maps ei,3, which has basis {bi = —A1+A3—B1+B3}, to the subalgebra 
ei,4, which has basis {bi = —A1 + A3+B1 — B3}. Therefore, we consider only ei,4. By using the basis 

{bl =Ai-A3 + Bi-B3,h2 = B2,h3 = Ai-A3 + Bi + B3,h4 = -Ai-A3 + Bi-B3,h5 = A2M} 
for 0(2,2), equations (A.l) and (A. 3) give 

(^1 = pi0l + p29^ + {p3 + pi)9^ + {p4 - P3)9\ Q^ - {p7 - P2)9\ 

^2 = 2(p5 -P3)0l + {PQ+P7-P2)9^ + {Pg-P7+P2)9^. W^ = (P7 + ^2)^', 



Cj^ = 2(p5 + P3)0l + (p6 + P7 + P2)e^ + (P6 - P7 - P2) 
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From condition (A. 5), G/H is reductive if and only if pg = 0. The first Bianchi identity yields 

P4^t(pe+P2), C24 =P7^, C34 = 2p3P7 + 2p2P4, C42 = "^P^PS - -^PzPd - -^PbPT, 

Pb = t{P2 - Pe), C23 = -P7^, ^14 = -4p3P4 + 2p2^ - 6piP7 - 6p7^ + 4p2P6 + 4p5P3 - ^43 

where t € M, and the conditions 

P2P7 = 0, 2p2P3 + iP3 - tp7)p6 = 0. 

Let K = {2pet^+pi +P7)M, L = 2{pet^ +pt + pi)/pe and f3 = C^a -p2^ - 2p2P6 - '2p2P6t'^- The 
second Bianchi identity yields p3 — tpi so the final the remaining conditions are 

P2P7 = 0, (i{pe+P2) +P7P6iLiP6 + 2^7) + Kpe) = 0. 
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This case splits into three subcases based on p7 and f3. 

Subcase 4.1: lipj 7^ thenp2 = 0. The remaining condition iniphes CJ3 = —pT {L{pQ + 2p7) + Kp^) . 

The curvature components are 

f^23 = P7^0^ A (6*'' - 6*3), f]i2 = -2^7^6*1 A (9^ + tO"^ + t9^), 

^24 = P7^0^ A (6*3 - 0*), ^34 = 2tpr^9^ A {6^ - 6^), 

ills = -2tp7^9^ A 6*2 - 2{pe+pr)(pe + 2p^)Ke^ A 9^ - 2{pe^K - p7^L)9^ A 9'^ 

-P7^9^/\{9^-9^) + 2tp7^9'A9\ 
riu = -2tp7^9^ A 6*2 - 2{pe-p7){pe - 2p7)K9^ h9'^ - 2{pe^ K - p7^ L)9^ A 9^ 

+ P7^9^ A {9^ - 9'^) - 2^^726*3 A 0^ (5.15) 

The change of basis 

a^ = -2pf,t9^ + (p6 + 2p7)e^ + (P6 - 2p7)^^ o? = -4^77^6^', 

a^- (pi+P7)6'^+P66'^+P6te^+P6i6''^-P6M'^\ o^' ^ -2p^t9^ + p^9^ + pq9\ 

o^ = 2(pi + p7)9^ - pe9^ + pet9'^ + pet9^ - pe/p7UJ^ 

for g* leads to the multiplication table Al in Theorem 2.3 with isotropy in the dual basis h — 
span{e3 + 64}. 

Subcase 4.2: If p7 = the remaining the condition splits into two subcases based on /3. 
Subcase 4. 2. a: When P ~ 0, the remaining condition implies Cl^ = p2^ + 2p2Pe + 2p2PQt^ ■ The 
curvature components are 

^12 = 2p2^^^ A 0^ ^23 = -2p2^9^ A9^, O24 = -2^2^6*1 A 0^ 1^34 = 2^2^6*3 A 0^ 
r!i3 = -K9^ A {{p2 + 2p6)^' + (3P2 + 2pe)9^) - 2p2^9^ A 9\ 

nu = -K9^ A {{p2 + 2pe)9^ + {3p2 + 2p(i)9^) - 2p2^9^ A 9\ (5.17) 

The change of basis 

a'^ ^ -pi9^ + 2pe9'^ , a^ ^ 2pe{9^ - 9^), a^ ^ 4pe9\ a'^ = p2{9^ + t9^ - t9^) + uj\ 
a^ = Pe{-2t9^ + 9^ + 9^) 

for g* leads to the multiplication tabic A2 in Theorem 2.3 where a = —P2/P6 with isotropy in the 

dual basis h — spanle^}. 

Subcase 4.2.b: If /3 7^ then p2 = —pe- The curvature components are 

f2i2 = 2pe^9^ A 6*2, 1^23 = -2pe^9^ A 0^ O13 = (/3 - P6^K)9^ A (0^ - 0^) - 2pe^9^ A 6*'^, 
f234 == 2p6^e^A 6*'^, n24 = -2p6^9^A9^, ^14 ^ {p - P6^K)9^A {9^ - 9^) - 2p6^9^A9^. (5.19) 
The change of basis 



ai = ^^^72|(ipi/p60i-02), a3=pe(0i+t03-t04)_^i^ a^ = ^^2^0i, 



a^ = /^372|(^' - ^^), a^ - P6(-2tei + ^■'^ + 0^), 

for g* leads to the multiplication table A3 in Theorem 2.3 where e = jfj and the isotropy in the 

dual basis is h = spanle^}. 

This concludes the proof of Theorem 2.3. | 

We now list the algebra pairs in Theorems 2.2 and 2.3 where the metrics can be Einstein without 

being of constant curvature. 
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Lemma 5.1. Let {G/H,rj) be a homogeneous non-reductive pseudo-Riemannian Einstein manifold 
of dimension four which is not of constant curvature and where H is connected. 

i] The space is Ricci-flat if and only if the Lie algebra pair (g, h) is isomorphic to B3. 
ii] The space is Einstein and not Ricci flat if and only if the Lie algebra is isomorphic to the 
pair A2 with a = 2/3. 

Proof. Starting with the curvature forms in equations (5.2), (5.5), (5.7), (5.9), (5.11), (5.13), (5.15), 
(5.17), (5.19), the coefficients of the Ricci tensor in an orthonormal frame u^r at a ~ [H] are easily 
computed. For example, from the curvature in (5.7) we get 

Ricci = (3aV^) ?y° - P4(ii V +P7)(3a - 2)9^ (g) 9^ 

where P4 7^ 0. If a = | and ti^P4 + P4 7^ the space is Einstein and not of constant curvature. 
Similar computations with (5.17) and (5.11) in Subcase 2.2 prove the lemma. | 

Case i] in Lemma 5.1 corresponds to Proposition 2.5.2 on pg. 153 of [10], and case ii] in Lemma 

5.1 corresponds to Proposition 1.4.2 on pg. 142 of [10]. 

6. Global Results and Existence 

To prove Theorem 2.4, we start by characterizing the four-dimensional simply connected non- 
reductive pseudo-Riemannian homogeneous spaces. These turn out to be fairly simple. 

Theorem 6.1. Let (g, h) be a Lie algebra pair from Theorem 2.2 or Theorem 2.3 and suppose G is 
the simply connected Lie group with Lie algebra g. Then there exists a closed connected Lie subgroup 
H C G with Lie algebra h such that G/H is difjeomorphic to ]R*. 

Proof. The proof is done on a case by case basis. We first consider the pairs in A2-A3 of Theorem 

2.2 (or Theorem 2.3) where g is solvable. Let G be the simply connected solvable Lie group having 
Lie algebra g, and H be the connected Lie subgroup having Lie subalgebra h. Since H is closed [4], 
G/H is a manifold. Since H is connected, G/H is simply connected and G/H is diffeomorphic to 
IR4 [13], 

For cases Al and A4 of Theorem 2.2 and B1-B3 of Theorem 2.3, we construct connected Lie 
groups G^ and connected closed subgroups H'^ C G'^ such that the covering space of G^ / H^ is H^. 
It follows that IR'' = G/H (see Theorem 2.1 p. 125 [14]) where G is the simply connected cover of 
G^ and H \s & closed connected Lie subgroup having Lie subalgebra h. We start with A4 and B2. 

Let a, b G M^, and a x b = 0162 ~ 6102- The multiplication map for the six-dimensional Lie group 
S'i(2,]R) KiVg is 

(A, a, a) * (B, b, (3) = (AA' , Ab + a, a + /? - {Ah) x a) 

where A,B e SL{2, M), a, b G IR^ and a, /? G M. Let H^ and H^ be the closed subgroups 

^° = ^(5 ?)'(°)'^'^ Men}, K-{[] ;),(°),-2t) MGlR}. 

The Lie algebra pair in A4 is isomorphic to (g, h;), and the pair in B2 is isomorphic to (g, h„). The 
quotient spaces G'^ / H^ and G^ /H^ are diffeomorphic to (IR^\{(0, 0)}) x IR^, so the covering space 
in these cases is IR''. 

For the Lie algebra pair Bl in Theorem 2.3, let G° be the group S'i(2,IR) K IR^, and let 

-"^((; ;)^(2) -«)^ 
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The pair in Bl of Theorem 2.3 is isomorphic to this (g, h). The quotient space G^ / H'^ is difFeo- 
morphic to (]R^\{(0, 0)}) x M^, so its simply connected cover is IR'*. The Lie algebra pair in Al in 
Theorems 2.2 and 2.3 is similar to this one. 

For A5*, consider the monomorphism </> : g ^ o(2, 3) given by 

<^(ei) ^e\ + e{^el- e^, ,/,(2e2) ^e\ + ej + e^ + e? + e* + e^ - e? - e^ 

(/)(\/2e5) ^el + el^el~ e^ (j}{2ez) = e\ + ej + ej + ef + el + e^ - el - e*, 

(j){V2ee) ^el^el^el- el (j){2e4) = e\ + e\ + e\ + e\- e\- e\- e\- e\, 

0(67) = el + e2 + e^ + et 

where 77*^ = diag{—l, —1, 1, 1, 1) is the symmetric 5x5 matrix defining o(2, 3). Let G be the simply 
connected seven-dimensional Lie group having Lie algebra g, and let $ : G — > 0(2, 3) be the induced 
homomorphism from (f>. We now show that G acts transitively on the manifold 

M = {{xi,X2,X3,X4,xr,) G M"'' I — xi^ — X2'^ + x^"^ + X4 + x^ = -r^} 

which is diffeomorphic to 5*^ X IR'^ [19]. Let {xx.xi.xz.x^.x^ e M. Apphcation of the group element 
g<^(ie3-te2)^ where t = 7r/2 if 0:2 = otherwise tanf = X\jxi^ maps this point to (0, a;2, X3,5;4,i5), 
where Xi 7^ 0. Similar use of the one parameter subgroups of G map this point to (0, r, 0, 0, 0). Hence, 
G acts transitively on M. The Lie algebra of the Lie subgroup of G which stabilizes (0, r, 0, 0, 0) is 
h = {ei + 67, 63 — 64, 65}. Therefore, the covering space for GjH is H^. 

The details for B3 can be found in the proof of Theorem 2.5 in section 7. | 

Theorem 6.1 can now be used to prove Theorem 2.4 i]. 

Proof. Proof of Theorem 2.4 i]: Since the homogeneous space G/H in the theorem is simply con- 
nected, we may assume G is simply connected and H is connected. By Theorem 2.2 or Theorem 2.3, 
the Lie algebra pair (g,h) is isomorphic to one of A1-A5* or B1-B3. The Lie algebra isomorphism 
lifts to a Lie group isomorphism to one of the simply connected groups used in the proof of Theorem 
6.1. Therefore, M is diffeomorphic to H'*. 

Up to this point, we have shown that a simply connected non-reductive homogeneous pseudo- 
Riemannian manifold is diffeomorphic to IR and the Lie algebra of its isometry group must be 
isomorphic to one in Theorems 2.2 or 2.3. We now show that A5* cannot occur. 

Lemma 6.1. Let (G/H^rj) be a simply connected four- dimensional homogeneous Lorentz manifold 
with Lie algebra pair A5*. Then G is a proper subgroup of the isometry group 0(2, 3). 

Proof. The computations in Theorem 6.1 show that there exists a transitive action of G on S''^ x M^ 
with isotropy K which has the same Lie algebra as H. We showed in the proof of Theorem 2.2 in 
section 5 Case 2, that the Lorentz metric, which is unique up to scaling, was of constant (negative) 
curvature, so the standard action of 0(2, 3) on S^ x IR^ is by isometries for this metric. Therefore, 
an invariant Lorentz metric on G/H (the covering space) will admit 0(2, 3) acting by isometries, 
and the Lie algebra of the isometry group will not be g. | 

Lemma 6.1 allows us to prove Theorem 2.4 ii] by eliminating A5*. 

Proof. Proof of Theorem 2.4 ii]: Starting with G/H simply connected we may assume that H is 
connected and so Theorem 2.2, or 2.3 imply that the Lie algebra pair is isomorphic to one in the 
lists in these two theorems. However if G is the isometry group then by Lemma 6.1, A5* cannot 
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be the Lie algebra pair for the isometry group of simply connected four-dimensional homogeneous 
Lorentz manifold. | 

In order to finish the proof of Theorem 2.4 (the converse part) we need to show that we can build 
metrics on H* having the isometry algebras in Theorems 2.2 (except A5*) and 2.3. In order to do 
this we first give two lemmas. 

Lemma 6.2. Let G/H be a homogeneous space with pair (g, h), and H connected. If the pair (g, h) 
satisfies Lemma 3.2, then 

r,{X,Y) = r,"{9{X),d{Y)) X,YeTpG 

is basic for the projection q : G ^ G/H and defines a pseudo-Riemannian metric on G/H with 
curvature tensor i7. 

Proof. The form 9 is H" valued, so rj defines a symmetric bilinear form on TG. From 1] in Lemma 
3.1, the form 77 is semi-basic for the projection q : G — > G/H and has the same signature as 77". The 
Lie derivative of 77 with respect to X G h, 

Cxrf{0, 9) - f]°{CxO, 9) + r;(0, Cx9) = v"{p*{X)9, 9) + r;O(0, p^.{X)9) - 0, 

implies that rj is iJ-basic, because H is connected. We can check that VI is the curvature of 77, by 
choosing a local cross section of q : G ^- G/H and pulling back the structure equations by the 
cross section, or by reversing the arguments in section 3 which we now do. Let u^ G 0{M), and 
^ be constructed as in (3.5). The puUback ^*9 of the canonical form 9 on the frame bundle, are 
G-invariant and provide a basis for the q : G ^ G/H semi-basic forms. Therefore, 

9 = A^*9 where Ae GL(7i,]R). (6.1) 

Now, let X, y e ]R" and choose X, F e T^G such that q*X = UaX, and q,y = u„Y . By definition 
of Uc and 77, we have 

rf{X, Y) = 77(u,X, u^Y) = ri\9{X), 9{Y)) . 

Condition (6.1) gives 

rf{X, Y) = rf{A9{^^X), A9{m^Y)) = rf{Au-^TT^^^X, Am^ V,*,X) . 
The commutative diagram (3.6) gives 

r,\X,Y)^r^\Aci,{X),Aci,{Y))^^\AX,AY), 
so A G 0{p,p). Finally, using the frame Va- = u^A to redefine $, we get ^*f? = 0, '^*uj = lu, and 

This lemma says that for any case we consider in section 5, and no matter what value we choose 
for the parameters in the curvature form fl, we can construct a homogeneous pseudo-Riemannian 
manifold having the chosen value of the curvature form. In the next lemma, we give a sufficienct 
condition on the curvature for a given Lie algebra to be the Lie algebra of the isometry group. 
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Lemma 6.3. Let (G/H, rj) be an n-dimensional pseudo-Riemannian homogeneous space with cur- 
vature form fl and let Rijki and Rijki-m be the corresponding components of the Riemann curvature 
tensor and its covariant derivative in the orthonormal frame u^ at a — [H] . Let 



S — {E <E o(p,p) \RsjkiEf + RiskiEj + RijsiEf. + R^ksEf — 0, 

Rsjkl;mE,i + Riskl;m,Ej + Rijsl;m,Ef. + Rijks-.mEi + Rijkl:sE^ = 0}. 

//dim 5* = dimh, then the Lie algebra of the isometry group is g (the Lie algebra of G). 



(6.2) 



Proof. Use the notation in section 3. li E = p*(e) where e e h, then _E e S", so dimS* > dimh. 
Suppose that G is the isometry group of {G/H,ri). To prove the lemma, it is sufficient to show 
dimG = dimG. Let H C G he the isotropy subgroup at tr = [H] e G/H with hnear isotropy 
representation p. We have G C G, dimG = n + dim 7/, and dimG = n + dim if. By the argument 
just given, pt{h) satisfies (6.2). Therefore, if the hypothesis of the theorem hold then dimh = dimh 
and dim G = dim G. | 

The set S is the Lie algebra of the stabilizer of both the curvature tensor and its covariant derivative 
at a point. This lemma states that if this subalgebra has the same dimension as h, then the isometry 
algebra can not have dimension greater than n + dim h. Therefore, it must be the given algebra. 
Lemma 6.3 of course generalizes using the higher order covariant derivatives of the curvature tensor. 
We can now prove the converse condition in Theorem 2.4 by using Lemmas 6.2, Lemma 6.3, and 
the computations from section 5. That is, for each Lie algebra pair in the theorem we find values 
for the coefficients of the curvature form il such that Lemma 6.3 is satisfied. 



Proof Proof of converse for Theorem 2.4: We start with the Lorentz signature. 

Case 3: If Gl^{pi^ + 4p2^)~^ = L y^ 0, then Lemma 6.3 is satisfied, and the isometry algebra is A4. 

Subcase 4.1: li t2 — 2ti^ = L ^ then Lemma 6.3 is satisfied, and the algebra is Al. 

Subcase 4. 2. a: If pr + t'^p^ ^ then Lemma 6.3 is satisfied, and the algebra is A2. 

Subcase 4.2.b: If i = Cl^ + prP4 ^ then Lemma 6.3 is satisfied, and the algebra is A3. 

Now we consider the signature (2, 2) cases. 

Subcase 2.1: If t 7^ then Lemma 6.3 is satisfied, and the isometry algebra is B2. 

Subcase 2.2: See the first part of the of Theorem 2.5 in section 7. 

Case 3: If rt — s^ 7^ then Lemma 6.3 is satisfied, and the isometry algebra is Bl. 

Subcase 4.1: If 2pgf^ +pi +p7 = ii' 7^ 0, Lemma 6.3 is satisfied and the isometry algebra is Al. 

Subcase 4.2: If p2 7^ and Ipi^t^ +pi 7^ 0, Lemma 6.3 is satisfied and the isometry algebra is A2. 

Subcase 4.3: If G\^ — piPe + p1 ^ 0, Lemma 6.3 is satisfied, and the isometry algebra is A3. | 

7. The Einstein Examples 

In this section, we prove Theorem 2.5 by constructing all homogeneous Einstein and Ricci flat 
metrics on the simply connected non-reductive homogeneous spaces of dimension four. 

Proof. (Theorem 2.5) By Lemma 5.1, the Lie algebra pair (g, h) of G/Lf is isomorphic to B3 if ry is 
Ricci-flat, otherwise it is isomorphic to the Lie algebra pair A2 with a = |. To prove the theorem, 
it is sufficient to construct the two simply connected homogeneous spaces that have Lie algebra pair 
B3 or A3 with a = |, and find all the invariant metrics. Theorem 2.4 says that the manifolds 
themselves are diffeomorphic to IR^. 

We remind the reader that the Lie algebra of infinitesimal generators of G acting on G/Lf is 
isomorphic to the Lie algebra of right invariant vector fields, and so we use a basis of left invariant 
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forms (7 which have structure constants negative to the ones in Theorem 2.2 or 2.3 to construct our 
examples. 

We start by proving the second part of the theorem using the Lie algebra in A2. The (negative 
of the) structure equations are easily integrated on IR'' to give the left-invariant forms 

a^ = dx^ a* = e-^"dx\ a^ = e^^-'^^^" dx\ n^ = e'^^" (dx^+y'dx*), n^ = e-^^+^>\dx^ -x^dx^) . 

Let Xi, i = 1 . . . 5 be the dual frame of left invariant vector fields. The X4 basic symmetric bilinear 
forms on G are easily computed to be 

77 = ai(2crV3 - {a^f) + a2{(T^f + 2a^a^a^ + aiia'^f. 

With the coordinates y"^ ~ x^ + x^ix^)"^ j^^ y'^ ~ x"^ + x^x*, y^ = x^ , and y'^ = x^ on the quotient of 
G by the orbits of X4 ~ e^ (d^i — x^^x^d^i — x^ 8,^.2) we have t) — tt*!] where 

T] = aie-2«/ (2^2/1^2/3 _ (^^2^2^ ^ a2e^(^-'''>y\dy^)^ + 2a3e'^^-"^y'dy^dy^ + a^idy^ . 

These bi-linear forms are non-degenerate if 0104 7^ 0. If 02 7^ the only Killing vectors are 

Yi = dyi , Y2 = dy2 , Y^ = dyi , Y^ = y^dyi + y^dy2 , Yj^ = {1 + a)y^ dyi + ay^dy2 + (a - l)y^dy3 + dyi . 

These vector fields form a Lie algebra with the multiplication table in A2. At the point (0,0,0,0) 
the isotropy is I4, and 77 is the most general metric invariant under the flow of these Killing fields. 
When a = |, these metrics are Einstein and they are not of constant curvature when 02 7^ 0. The 
signature of theses metrics can be only Lorentz or (2, 2), as expected. 

For the Lie algebra pair in B3, consider the quotient space G/ H where G — SL{2, K) K H^ H 
and 

H = {^] J),(0),.) Men}. 

The manifold G/H is diffeomorphic to IR^ — (0, 0) x ]R^. In terms of coordinates {x^, x'^,x^,x'^) on 
G/H the most general metric having signature (2, 2) on G/H where G acts by isometrics is 

f) = 2ctV2 + 2a^a^ 

where a^ = dx'^,a'^ = dx'^ + -^(x^dx^ - xMx^),^^ = rfx^,^'' = -dx^ + ^{x'^dx^ - x^dx'^). Let 
TT : n^ ^ M be given by x^ — e^ cosj/^,.x^ = e^ sxny^^x^ ~ y^,^'^ = J/^, and rj = 7r*f}. This 
gives the metrics 77 in part one of Theorem 2.5. The covering group G = SL{2, IR) x IR^ © IR acts 
transitively and by isometrics on IR'* for the metrics rj. There are eight Killing vector fields for rj: 

Yi = cos{2y^)dyi - sm(2y'^)dy2 + y^dyS - y'^dyi, Y2 ^ \ sm(2y'^)dyi + cos^ y'^dy2 + y^dyi 
Y:i^\sin{2y'^)dyi~sir?{y'^)dy2+y'^dy3, Y^^dyi, Y^^-dy^, Ye == e^ cos{y'^)dy?. + eV siny'^dy4, 
Y7 = e-y' cos{y^)dsi-ey' smiy^)d,2 +Le^y' (i sm{2y^)dy3 +sm^{y^)dy4) , 
Ys = e-y' sm{y^)dsi + e^' cosy^ds2 - Le'^y\cos^{y^)dy3 + ^ sm{2y^)dy4) . 

The first six of these vector fields are complete and are the infinitesimal generators for the transitive 
action of G on IR^. The metric 77 is the most general metric invariant under the flow of these six 
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Killing fields. In order to have a complete Killing vector field of the form aXy + bX^, it is necessary 
and sufficient that the differential equations 

-i- = e"^' (a cos 2/^ + bsiwy'^) , -y- == e^'"^ (bcosy^ - asiny^) 

admit solutions defined for all f G K. By letting z — y^ — iy^ , this equation becomes 

dz , ... _2 
- = (a + .5)e^ 

which has solution z = In ((a + ib)t + (cq + ici)). For any initial condition of the form z(0) — r(a+ib) 
where r e H, the solution does not exist for all t S IR. Therefore, the Lie algebra of the isometry 
group is sl(2,IR) K IR^0lR, and at the point (0,0,0,0) the isotropy subalgebra is {^3,15 +^6}- This 
proves the first part of the theorem. For completeness, the non-zero components of the curvature 
form are 

nl = -nl = -3La^ A a^ , 

where ct* — 'K*a^. By using this formula for the curvature form, the Ricci tensor is found to vanish. 
It is worth noting, that the covariant derivative of the Riemann curvature vanishes. | 

8. Concluding remarks 

In this paper we have investigated only the most basic questions surrounding the geometry of 
non-reductive homogeneous spaces. We have not addressed such natural problems as determining 
the holonomy of these spaces [6], the homogeneous structure of the geodesies of theses spaces [12], 
or whether they are geodesically complete. These problems will be considered in future research. 

Appendix A. Some Computations in a basis 

We write out the conditions in Lemma 3.2 in a basis. Let {ha}a=i...q be a basis for the subalgebra 
h C o{p,p) and complete this to a basis {hr,ha}r=i...n{n-i)/2-q.a=i...q for o{p,P)- In this basis, the 
structure constants are 

[ba, b;3] = Klph..^ , [b„, br] = i^f^b^ + i^^^b^ , [b^, b^] = L"sb„ + L*^bt . 

Let {ea]a=l...q^ form a basis for h C g = h H", where p,(eQ,) ~ b^, and complete this to a basis 
{ei,ea\i<,i<n.i<a<q for g- Let {0^ ,uj'^}i=i...n.a=i...q be the dual basis. We may then write 

w = w"b„ + w''b^ , Q ^ n^'ha + 9J'hr 

where a;",d3^,i7", and Vf E g*. By conditions 2] and 3], these forms satisfy 

Lu''{ep) = 6'j^, tZ>''(e„) = 0, O"(e„)=0, f2''(e„) = G. 

Consequently, we may write 

Cj'' = Pie\ n°' ^ nf^e' A 9^ , n^'^nijO^AO^ (a.i) 

where P[ , ftfj, and ri[, G IR. By using 2] and 3], we also have 

i,^d0' = ~b'^^u;''{e^) A e^ = -bl^e^ 
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where b^ = (^Li)- From this equation, it follows 

do"^ = -feLj^" A e^ - K[kP]f A e^ . (a.2) 

By (A.l), Lo — {jj"ha + P[9^hr. Substituting this into te^il = in 4] the coefficients of b^ give 

P[K, - KsPJ = 0. (A.3) 

The coefficients of hp in tg^ il = give 



L.^dto'^ + K^^uj'' + K^^P[9' = . 
This equation leads to the formula 

duj" = -^K^^ujf^ A wT - K^^P[uj^^ A 9'- ^C^^9' A 9'' (A.4) 

where C% = ^Uk] ^'"^ ^^ **-" ^^ determined. The form fi can be computed from (A.4) and (A.3): 

n - [P[Pfbl^ + kLltPJPl) S' A 0'= ® b, + i [l'^,P[PJ - C^-) 0^ A 9^ ® b„ . 

By choosing P[ and C*j, , we can satisfy the last two equations in 4] (the Bianchi identities) . The 
Bianchi identities can be imposed by either computing fl and implementing them as written in 4] 
or imposing d'^9^ = and (feu" = in (A.2) and (A.4). 

We write, in terms of our basis, the condition for the algebra g to be reductive. 

Lemma Al. Let G -^ G/ H with H he a homogeneous space with H connected and where the Lie 
algebra g admits forms 9 and lu satisfying the conditions in Lemma 3.2. Then G -^ G/ H is reductive 
if and only if there exists constants rf such that 

r]K^^ - r^b},^ = K^^P[ . (A.5) 

Proof. Since H is connected, the form (ujf^ + r^9^) ® ep is invariant (or equivariant) if and only if 
its Lie derivative with respect to e^ G h is zero. Therefore, G/ H is reductive if and only if there 
exists rf such that 



'^>7=0 



Expanding this equation out using (A.2), (A.3), and (A.4) we get equation (A.5). | 

Thanks. 
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